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Chapter 1
Introduction to Optimization

et ’)tA » Xg . e, Hyp denote the 84.40‘-?1{:1'{'5 of j:er’(:fh'ZE.r
A, B,C,D Prac%uCeaQ ber week (tons).

Let P, = profit per ton of fertilizer i (i= A,B,C,D)

P. = SP. - C-_.(cx x
H P; PL N TNt C"PA ?L;"L' CP,, xPa;"'Cc_l-\ xck;)

where <P = selling price of fertilizer i per ton

PC;= Froducftu‘o’n cost of fertilizer ¢ Fer fan
CN = Cosf: Of' hf'é?!"a..(:‘&g Pe_f i‘on = #- 1506
CPF\= cost of pi—uos?ka..f*es per ton= $5’oo
Cp, = cost of potash per ton = ¢ (000

o

CC"’? = cost Of- %‘h&f‘{f LP\&LK EG/S‘E‘.T— $;oo
%Plﬁi = fans of nitrate V‘e%uired fFor  ton of fertilizer L

x?!—»a = tons of PHOS}oIﬂa.'{?EY re‘&“-f'f‘ﬂcg for 1 ton of ferfi{iz.e.r L

‘}C.Poa-_— tons of Fé{?a,spl ragu.fr‘é_cf Loy | Ton o} ferfib’zar. i

xd\’: = tons of—’ :'ne\"t c};czlk ba,se Y‘e—auireo( f’pf { ton Ogc
ferlilizer <

P, = 350~ 100 - (usoo 0105 +500 # ol + {000 ¥0:05 + 100 ¥0:8)=~5

FB" Ss5o0- 50— (!Soc .65 + Bo0 ¥ 015 + 1600 %o -+ (o0 *o,’?): yo



450 - 200~ (I500%01 + 500 ¥0.2 + {000 %o -+ |00 #Oaé):.- 6o

Pe =
F’D= 7oQ0~ 21%06 — (iBOo*o.é‘S-{"SOO ¥ 005 + {000 ¥ 0 5 + goo.q;a,g&'D:u{S

Minimize
£ = _.f;w}f& =~ Pax, Ps X5 — P %o — Py %y

$ = 5%, —80 Xg + (60 %e + (5 xp 1)

Ava.,ila.{;i[.i%:j cohs‘tra.,('nfsz
< 1ooo (nitrates) (2)

0105 KA.J;«0.0S xs-t-a:['x-c-ﬁ-Ol!sx» —
ol XA+ 0015 Xg + 02 Xe + 0105 Xy < 2060 (‘Phos'bi\a,’ces) (3)
g.05 IA-&—O-ILB—%o-E e+ o0l g = [Sag (pe*'aaSL) (‘D
Production Y‘quf%“&menfS:

X4 = Socoo *g=C>, T T0, X, > 4000 (5)

Problem s defrned }":f EZS’- (1) to (5),




()7 - (- {2

OLJE’.C‘{ZI\/& -\)Cu.n cffons y
(XY = 2p &y itn? Areg (wer'jl-zf:)
£ ()= PR (+x)" (e =] (deslection)

2V E 2" x, Areg

Bﬁl‘\avior (_gng'i‘.‘r‘a.in{:S: >
TT(X) = o7
g (X) = o
with S
P(H’xl) 1+ F(z-l)\[l-{-xz
%G = o7 = ' '
2J3 A ’ 2 -
Stde constraints: min
s % s R Lo,

Date : o & .
ala Ex= 3¢ xi0 Est , F=o283 U:/;ng, Pz 1oooe ﬂ»,

o ' 2 .
s = 20000 pse Are.; =4 v ‘f’;-; 160 tn,
iy min max MCL%

! = ‘)(2 = 0.1, 3(1 = 2, 2 = 2.5

a}y Fer given dmi:a.-,
(@) 7F1(-’?)’-“ 56:6 %, \j"*’x' ()
7(X) > Qr=)yrex” 5. 656854 (2)

Ky X
- (o€, ~1 \I + %
5 (x) s )Nt =< 5.¢56854 (33
Xy *Xg
ol £ % = 2, 0] = x, = 2.5 (4)

Graphical otat‘:t‘mr‘z_o-{:c'on shown in the JC“?“'m'

£ et : * 0185 %
Optimuem solution gV { [ F, = 36.129¢0

ce53521 )’



oo

250 e
' fi= W= weight
il i 362:: D = c}af}ec{‘ion
2.00 + “
.J
175 - 4
/ A:QQ?’
150 - 12000 A OQV
lz. /
= 280,00 : / '< .
" A=009434
100 b / / _

m Wem000 /S
oTs i O / 2:025 |
.. f: - / 3, 20) /.‘

QS50 ey

_Ws36. 15\&_
025 e

000 Gz 0% oms 100 1 1% v
4

B) g zy= senssn (o) e xF .

.
L ‘J-C.l

\\ \\\\.

\ W'SOOO

constro-inks  are given Ey EZSH (23,03) and (@),

t 1 . * . .*
Optimum solution: X =g , § = ov01823
2.5 2

<Gm|°h;cwt solution s indicated in the above figure).
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/A
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$¥=36.225¢ =
=B6e2 824 - Y
: Jo= OM;'?"’
o - fM = ¥
0.8 1 e 2.0 !

) £ (%) + 5,(%)

| " e xF
’ z G0 i1 785 11 (l+x; [+ %
= 566 %y \1t+ ¥ 4 g —
A, Ky

&)

Constraints are given by Egs. (2), (3) and  (4).

Of:'i: imum SO lution -

-t P 0»6’5 #
X = {0'53521 } 4 &.; = 3¢ »2258392¢

(Gra..%;l-n'ca.l Sotution 13 (‘na{fca;{‘.Ecﬁ ‘m the abeve ‘5!'9‘”9)'




Jobs: L o=1,2,...,10
Stations : 3'.--*» b, 2,000, M
t, = time \{‘E’,%uire:ﬂ for gob { = f:f‘. — tg; s i= 02,5100
Wi‘le‘rﬁ ta:;f = time a_f whfci« J'o{:; _t' (s COMFIE‘!EECQ 3
tji = time of wi-n'c:.[n job < s S‘l’:ﬁ-rf&::‘
Let LLE = time at which ol g‘wfus are compLeJcaoQ.
) o
For station g idle time - I; = '1':E - = xct}' t:,'
LT
wWhere ?C":&: :{g if J'of: Y ass:‘jnecl 4 station J‘

o cotherwse

{0
To'{:a..al :Ca'UE ‘f:l“me = - n . i - . .
5 j::S_,j IJ _,}5 = (*f:s x?. t; )

At statiom 4,

i~

?C‘:J‘ ‘szé = -E Ix"!‘jf’k ; }I);Z,---;ﬁ
For @'ol: <, = _
Ees =t + ty L iz 1,2,510
Find N, Ky, Xygsoo-s Xigm
to minimize j(;_ 3|'ven bj Eﬁ-(')
Subjer_{: te

‘t‘:;1 5 'g/gs = %53 J

W

tys

b7 2 ’I:,cs > Tgez facc ,

t/ga = 6;6 ; '{: > ‘t 3 'L— e t§-8 > f/g!o ol t

A9 F Tgq

and E@s- (2) and (2)

9
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Divide the track IEnji:A into A Terrein, 3(3;) 'T'ra.c,k)»{,(x>
1.4 ™ fntEFVCI»LS of— e.@u.cu( /EE’,r\j"(-‘ﬁ'

or Abowm in Tie figure:

De sign variakles:
$ho, hishos s P
with hy= h (x: %
and wx; = L(a%) A'x"-‘-((—r{m)

objec{:{ve. funetion: - (x) — A=) d=
( L be min:‘m;zeal) g_ Ny "[} {g
2 C é ‘ j(aq)-—-'f\;l‘ﬁ% (2. )

el

_ where ¢ s a Fro&oovﬂ';ana %j constant.
Co'ni‘l:\"a.in{?S:

slope: (‘fw,;.,.,, ~ b

Ax

= T1 s ,4.:*::0,1,”*:1“"‘ (g)

e:o’é_oﬁ.a.»ﬁgﬁz G/E ,&,ﬂo}a&:
]4‘5,?.?_'“4\34—! 4\“_{ - 4‘-*:

-

A x A
AR

=0

hirz - 2 e e
(a0

Second devivative of S(oloe:

/{14:4—?“2411:-?'2,-{”’{-“"'"‘ 'ALA*?—"-Z-/AL'*-;—F{\L

(a=y* o (a3)*
AX
_ 4‘54-3“3'!"»:4-1 +3 heey - he
= 2 < r\g .,;_._:o,b...,m-—’%
(&7‘) (5.>
End conditions :
3
}'["O: & 5 '{ﬂ-m:’- !’.D ( )

?rckie/m cqe.fmeé !;j Ezg {1 ta D) (s a«n 0.C. Ioroé:t&m.
(l&' {’\Q—S Sertm( Sf:ruc,-f:u_r€>

v



Let = ﬂU-'ﬂ“LE%" o? J.J.nl.lCS' [oro&uc.e,ol n week 4 (L‘: 1,2—)

Assume: (1) Every thing Procﬁw’.ao! is sold by end of second week.
(2) More units caw be produced ™ 1t week, /§
eC.Onom{c,cu{ .

(3) Total uniks in tHe Twe weeks s 6Gog .

Z
Meinimize f: 2 (4%5) + 2 (4 %2 ) 410 (e —200)

Su%\jec'& to 200 = %, = oo

0= Hop= oo

K+ Xsg = 600

e o m e e e .

Contours of § are dyawn a3 Jj—oUcws:

3 _ . S‘t‘a_/n't
f= 4%+ 4 %, 4+ lox, ~ 2000 = C = LoN
o= leos : . .
X 6o 200 IoQo 400 Too oo
oy 530.1 5247 4977 44 ) 292 -
C = 4 X 108 :
o (oo o0 3oc 400 500
* 1 463 45| 4107 330 —292
C = 32X :08‘-
AKy oo 200 300 400 SCo
®y 420 406 3634 2224 ~ 368

c= 275 x;ogl

oy oo 200 300 400 0o
xy 4097 393 34¢ 16g ~383
C=2:25 xi00 !

() loa 2oc ExeXe 400

LS 380 364 308 ~—197

C= z.% X (og '

o lo© 200 3I0E 4¢C0

xy 3775 253 299 217
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r

!

b= in)

X $in B 2 ’
X = x, wf 6 + Xz s—-( ” ) (V)
2
L 'S . h
x = 4% :-x,w{/§ana+"‘5"29 (2)
G!-t " & z 1
lejl__ (ﬁis‘n )
whevre (9= é——@-:e *e
4t
xz—-?ﬂ.w"(offe+i"_m29 (3>
ny .
To plot the constracnt on x, we rearranse Eg. (V) as:
K o~ %y S z + x, z
( ! 9) - K, <~ ; S:‘nze): x:-»vc-t Su'nze
Koy o
oY K, = ) z 2 7%
2 (x, sine ) 4 (%~ %, o5 &) } (4)
Te Pfo{‘ the c.ontou.rs_ of :'c, E@ (z) s versritten as
. z .
('x + W W Sin 6) o= Ky G Sin 28
2%y \/1.- M1
R
*2
or . ' 5 N 2
(x + W W5 S &) = (xl &8 Sim 26)
2
4 (xz - % 5.‘,,"9)
1
= ®, (9 Sin 26 z
T )+ Gasine) =)
\ x %y W Ain B
To ?{a"c the contours og— x' 5 %,(g) 'S rewrif'{:en ab .
. . .
®o (% + % W 056 )= — X% w? uE 20
z
or ' — %, w? s 20 :
o = - y (&)
H o+ x B of B
Datai 5 300, (5= {60 rcuﬁ\/)s
C ) {.5'. 0‘ LY 3_"___2—__“ = B
onstrain X = 2.5¢r = =, = 2:5
o5 £ x, = lo 285 £ Xy, T 26§
le = = & 20
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3019 . H f
K= - 40 ol { i i :
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Loy fleasry
Loy g 7
L poot ] ’
S~y | Y. ~
1 . r - ,
is L OPTimum ! ; : S /
(6-032, 15-0.8’!)' / . . x= 20 ; |
oot ]' i ;
i
WA %
! b #
A ;
19 ’ 1y /
/ ']y 4
; ,’ !t
/ . :’II i
/ J J’J”
ﬁ Y‘:Olg | ) \‘. ;
/{ I ] ’[ A
5 ""¢ } dyt <
/ p gt 5
/ o) =0 /t‘zlo
4 1obS
y [y B
/! it
/] s ]
T o ey T N e Sy ey e
;}\ R /
/" //!’2./// = 255 ;
/ ,3{;/24" 4
O st | . s ; . r‘
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Feasible space = ABCDA
optimum solution: v ¥= 6.032, f*= I5.08]
Xopt == 64305
(Formu[a:f:l'an’. given in solubion of Problem i.7)
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where (%;,9;) is I
the center of disk <.

z
Minimize f= ab - T (RE+RE + Ry + Ry )

sub{jec% ts the constraints

1

Voo = %)% (9,-9,)" = R+ R,

(G~ )y (9-9)F = Ri+R3
J@wm“"‘ + (99 2 Rt Ry
J@zw *D* 4+ (9,-95)" = Ro+ R3
\/CXz—Ww)L v (d,- ?4)2 > Ra+ Ry
\/("3—7‘4)L+ (7;-34)7? = Rz + Ry

1
;s +=1,2,3, 4

b2 ¥:+R, i=1,2,32, 4

@ = X+ Re

x> Rp 5 i=1,2,3% 4

;14: = R.J: 5 L= 1,253, 4

.

13



> Ry
X = {Ez}
_ Vo luwe o§ a Cone — - YZ/Z . r
@) "3 ~<
OF c,[u.‘iic/i:z:

Volume cone .
. b S —
f(x): %W(R f:w'ﬁ'z /EQ_)
=4 T R} - R, (1)
3 tan o ( \ 2)
T = 2“§P(R13“R237 (2)
2 5in &
2
USa‘ng j‘;: ..i\._ s A= W(RF‘“ R, ) R E@,Cz) becemes
3 o3
T = 2T (0.5) 30 Py X (REB"'R’.?_?> = 20 (%) (3)
2 (m‘;) W(E\'—RL) Rf-" Ra
constraints: (-- 123 '123
g X) = STz -5 >0
! g?‘--— R;— (4D
9,(%X) = g, -2rR >0 | )
gg(?z}: Ra?—o (6)
54(;?): Ry—-i8 =0 | (7)
9, (%)= Ruz o | (s)
F,(X) = Ryp-to=e €D
?lo{‘{ifng g =0 |
Ry ore -0 2.0 30 35 40 45 5.0

RZ 5‘0 4583 4!37 B,GS 3.(€ 2-‘36 [:77 [« NN ]

Contours of £ {&g. 1) :
fer $= s50/0:
Ry 3:62 3-5 40 50 6.8 7.0 lo o
R2 o0 248 332 4.6 5.73 6.8 79

fer L= too-ot
Ry 3:81 4.0 4'5 5.0 6.0 7.6 16- 0
Rz oo 207 3.3 41 5.4  6:¢ 9, 8

14



foy f£= 141.5:

Ry 4.27 4.5 5-0 5.5 6+:0 g0 loro

Rz o.0 2:34 3.4 445 5.6 76 773
;o'r f-';O'O:

R oo 20 %06 5.0 to- 0

Ry  to Z:0 30 50 60

Gra.a’opn‘c_o): Aslution ’ \nnc;!,('c_,p_,{'e.& n the ft'su're .

, #
O‘o{-:mum }:m‘h{* : '">'<* - SR 4472 *
(FECLS{HE Spoce R:r - { 2.23%¢4 } i
ABCDA
= Poink A
lo'ac‘\\ R L e e i
:\u '
\ L
N -
N {
A L
N = 4
N C%;_ _...i,_/
8.000 ¥ #
N %
\ 9
N K 4
\ o #
\ %
N - 3 L
6.060 3 m g
t a
\ ¥
Rz_ (““d‘) ’ ¢
) T -
\ -
3 9,= 0 g
4.000 3 e f
N 4
\ 4
\ 4
) L
N L
\ 4
2.000 3 Z
N .
Al 4
\ <
\ /
\ 1
\ 9
NT i Fse 2
0-90‘? 60 7 13/360 E i A v IR Vil e ?
. . &.0080 &.000 12.?0 i)



(b) Constraints = same a5 in part ) except fhat g s
‘ci—,amﬁe_cg to Ry~ 2Ry <.
objective Lunction = Same a8 in part @) .
Feasible spe-ce = ADIKLA
optimum point = |
AR {R.*E: 3.536 (* . 3
R, {3-536} ? - e

pe tails Ty C_;]‘”a'FL“C?""[ solutieon : shown m the Figure.
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